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6.6 Applications to Linear Models 377

w 44 61 81 113 131

ln w 3.78 4.11 4.39 4.73 4.88

p 91 98 103 110 112

13. [M] To measure the takeoff performance of an airplane, the
horizontal position of the plane was measured every second,
from t D 0 to t D 12. The positions (in feet) were: 0, 8.8,
29.9, 62.0, 104.7, 159.1, 222.0, 294.5, 380.4, 471.1, 571.7,
686.8, and 809.2.

a. Find the least-squares cubic curve y D ˇ0 C ˇ1t C
ˇ2t

2 C ˇ3t
3 for these data.

b. Use the result of part (a) to estimate the velocity of the
plane when t D 4:5 seconds.

14. Let x D 1

n
.x1 C � � � C xn/ and y D 1

n
.y1 C � � � C yn/. Show

that the least-squares line for the data .x1; y1/; : : : ; .xn; yn/

must pass through .x; y/. That is, show that x and y satisfy

the linear equation y D Ǒ
0 C Ǒ

1x. [Hint: Derive this equa-
tion from the vector equation y D X Ǒ C �. Denote the first
column of X by 1. Use the fact that the residual vector � is
orthogonal to the column space of X and hence is orthogonal
to 1.]

Given data for a least-squares problem, .x1; y1/; : : : ; .xn; yn/, the
following abbreviations are helpful:
P

x D Pn

iD1 xi ;
P

x2 D Pn

iD1 x2
i ;

P
y D Pn

iD1 yi ;
P

xy D Pn

iD1 xi yi

The normal equations for a least-squares line y D Ǒ
0 C Ǒ

1x may
be written in the form

n Ǒ
0 C Ǒ

1

P
x D P

y

Ǒ
0

P
x C Ǒ

1

P
x2 D P

xy
.7/

15. Derive the normal equations (7) from the matrix form given
in this section.

16. Use a matrix inverse to solve the system of equations in (7)
and thereby obtain formulas for Ǒ

0 and Ǒ
1 that appear in many

statistics texts.

17. a. Rewrite the data in Example 1 with new x-coordinates
in mean deviation form. Let X be the associated design
matrix. Why are the columns of X orthogonal?

b. Write the normal equations for the data in part (a), and
solve them to find the least-squares line, y D ˇ0 C ˇ1x

�,
where x� D x � 5:5.

18. Suppose the x-coordinates of the data .x1; y1/; : : : ; .xn; yn/

are in mean deviation form, so that
P

xi D 0. Show that if
X is the design matrix for the least-squares line in this case,
then XTX is a diagonal matrix.

Exercises 19 and 20 involve a design matrix X with two or more
columns and a least-squares solution Ǒ of y D Xˇ. Consider the
following numbers.

(i) kX Ǒ k2—the sum of the squares of the “regression term.”
Denote this number by SS(R).

(ii) ky � X Ǒ k2—the sum of the squares for error term. Denote
this number by SS(E).

(iii) kyk2—the “total” sum of the squares of the y-values. Denote
this number by SS(T).

Every statistics text that discusses regression and the linear model
y D Xˇ C � introduces these numbers, though terminology and
notation vary somewhat. To simplify matters, assume that the
mean of the y-values is zero. In this case, SS(T) is proportional to
what is called the variance of the set of y-values.

19. Justify the equation SS(T) D SS(R) C SS(E). [Hint: Use a
theorem, and explain why the hypotheses of the theorem are
satisfied.] This equation is extremely important in statistics,
both in regression theory and in the analysis of variance.

20. Show that kX Ǒ k2 = Ǒ T XTy. [Hint: Rewrite the left side
and use the fact that Ǒ satisfies the normal equations.] This
formula for SS(R) is used in statistics. From this and from
Exercise 19, obtain the standard formula for SS(E):

SS(E) D yT y � Ǒ T
XT y

SOLUTION TO PRACTICE PROBLEM

Construct X and ˇ so that the kth row of Xˇ is the predicted y-value that corresponds

x

y

Sales trend with seasonal
fluctuations.

to the data point .xk; yk/, namely,

ˇ0 C ˇ1xk C ˇ2 sin.2�xk=12/

It should be clear that

X D

2
64

1 x1 sin.2�x1=12/
:::

:::
:::

1 xn sin.2�xn=12/

3
75 ; ˇ D
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