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Av. Bento Gonçalves 9500, CEP 91501-970, Porto Alegre, RS, Brazil

Abstract

The properties of modified plasma waves in a general non-linear electrodynamics with parity

invariance are investigated. We consider a cold, uniform, collisionless and magnetized plasma

model. For electrostatic waves, we obtain the modified Trivelpiece-Gould dispersion relation with

a suitable change in the plasma frequency and analyze the stability of the modes. Furthermore,

electromagnetic waves related to the generalized Appleton-Hartree equation are established. In

this case, we discuss the modifications in circularly polarized waves, ordinary and extraordinary

modes. Finally, we apply our results to particular cases of low-energy quantum electrodynamics

and a generalized Born-Infeld model. The correspondent dispersion relations and effects on the

propagation regions are determined. We also provide estimates about the ambient magnetic field

in which the contributions of non-linear electrodynamics become more relevant.
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I. Introduction

In 1933, based on the seminal works by Dirac [1–3] about the quantum theory for the

electron and the concept of quantum vacuum, Halpern pointed out that virtual electron-

positron pairs could generate light-by-light scattering [4]. Subsequently, in 1934, Heisenberg

published two papers [5, 6], where the connection between quantum vacuum fluctuations and

light-by-light scattering was formulated in more detail. With these ideas in mind and the ini-

tial development of quantum electrodynamics (QED), in 1935, Euler and Kockel considered

low-energy quantum effects and obtained non-linear corrections to Maxwell electrodynamics.

Interestingly enough, they also figured out the first calculation for the light-by-light cross

section in the low-frequency regime [7]. Thereafter, in 1936, this non-linear electrodynamics

was generalized by Heisenberg and Euler [8], where the authors included high-order quantum

corrections in a non-perturbative formulation. In parallel, from a classical viewpoint, Born

and Infeld presented a non-linear model with the purpose to avoid singularities of Maxwell

theory [9]. Since then other non-linear electrodynamics have been proposed with different

motivations, such as effective theories, proposals beyond the Standard Model of elementary

particles, novel black-hole solutions, and applications in Cosmology (see, for instance, the

reviews [10, 11] and references therein).

It is appropriate to highlight the renovated interest in non-linear electrodynamics due

to the upgrade of some experiments. In 2017, the ATLAS Collaboration carried out a

first measurement of light-by-light scattering in heavy-ion collisions [12]. After that, in

2018, the CMS Collaboration also described similar measurements [13]. More recently, in

2021, the CMS and TOTEM Collaborations have reported a first search for light-by-light

scattering in proton-proton collisions [14]. These results can be relevant to test the Standard

Model and QED predictions, as well as to constraint a set of non-linear electrodynamics.

Along the same line, we indicate the work of ref. [15] for some prospects at future e+e−

colliders. Furthermore, the development of high-intensity lasers has also triggered a growing

motivation to probe photon-photon and photon-plasma interactions [16–20]. Mention should

be made that the astrophysical environments provide important situations involving strong

magnetic fields, where the impact of non-linear electrodynamics and plasma effects will

certainly show up. For more details, we suggest the reviews [21–23].

A lot of effort has been devoted to studying the properties of general non-linear electro-
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dynamics. For example, in the works of ref. [24, 25], the authors obtained the dispersion

relations of photon propagation in a uniform electromagnetic background field. In addition,

the effects of non-linear electrodynamics on the optical properties of vacuum were also eva-

luated in refs. [26–28]. However, in the context of plasma, the investigations are mainly

restricted to vacuum polarization effects [29], as described by Euler and Kockel electrody-

namics. It would be interesting to perform a similar analysis of plasma waves in general

non-linear electrodynamics.

Based on these motivations, we pursue some investigations of modified plasma waves

in the context of non-linear electrodynamics. The main purpose of this work is to further

elaborate on a general electrodynamics with parity invariance, which encompasses most

examples in the literature. This approach offers the advantage to understand some essential

aspects without specifying a particular electrodynamics. Furthermore, in a first attempt at

this direction, we consider a cold plasma model, consisting of electrons in a homogeneous

ionic background. The collisional, relativistic and large amplitude effects are not addressed.

Although a simplified plasma model is examined, one may gain further insights to generalize

the results with more involved assumptions.

This paper is organized with the following outline. In the Section II, we introduce ge-

neral results of non-linear electrodynamics in the presence of a magnetic background field.

Furthermore, we describe the fluid theory under consideration. Subsequently, we investi-

gate some contributions to plasma waves, where the modified Trivelpiece-Gould dispersion

relation, the generalized Appleton-Hartree equation, and their corresponding modes are dis-

cussed. After that, in the Section III, we apply the previous results to Euler-Kockel electro-

dynamics (low-energy quantum effects) and Born-Infeld-type model, as well as present some

comparisons with the literature. Finally, in the Section IV, our conclusions and perspectives

are exhibited. Throughout this work, we adopt the SI units, where ε0 and µ0 correspond to

the vacuum permittivity and permeability, respectively. In addition, c = 1/
√
ε0 µ0 denotes

the speed of light.

II. Non-linear electrodynamics in cold plasma

In this section, we present general results of non-linear electrodynamics and the descrip-

tion of the fluid theory. As already mentioned, the main goal is to investigate some modified
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plasma waves. The first step in this direction is to discuss the essential features of non-

linear electrodynamics. For our purpose, the non-covariant formulation is sufficient. Thus,

we begin with the general Lagrangian density

L =
1

µ0

Lnl − ρ φ+ j ·A , (1)

where ρ and j denote the charge and current densities, respectively, while φ and A correspond

to the electromagnetic potentials such that B = ∇×A and E = −∇φ − ∂A/∂t. In order

to preserve the Lorentz and gauge symmetries, we have that Lnl = Lnl(F ,G) must be a

function of the invariants

F =
1

2

(
E2

c2
−B2

)
, G =

E ·B
c

. (2)

The field equations associated with Eq. (1) are given by

∇ ·D = ρ , (3)

∇×H = j +
∂D

∂t
, (4)

where we defined the auxiliary fields

D =
∂Lnl
∂F

ε0 E +
∂Lnl
∂G

c ε0 B , (5)

H =
∂Lnl
∂F

B

µ0

− ∂Lnl
∂G

E

µ0 c
. (6)

For example, in the case of Maxwell electrodynamics, we have Lnl = F , which implies the

usual expressions D = ε0 E and H = B/µ0 without the magnetization and polarization

vectors.

We highlight that the homogeneous equations remain unchanged, namely,

∇× E = −∂B

∂t
, ∇ ·B = 0 . (7)

Having made these observations, let us now consider the electromagnetic fields around a

uniform and constant magnetic background field B0, such that E = δE and B = B0 + δB,

with δE and δB being small perturbations. Keeping this in mind, one can expand Eqs. (5)

and (6), which lead to

D ≈ c1 ε0 δE + c2 ε0 c (B0 + δB) + d2 ε0 B0 (B0 · δE)− d3 ε0 cB0 (B0 · δB) , (8)

H ≈ c1
µ0

(B0 + δB)− c2
µ0c

δE− d1
µ0

B0 (B0 · δB) +
d3
µ0c

B0 (B0 · δE) , (9)
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where the coefficients c1, c2, d1, d2 and d3 are evaluated at the magnetic background field as

follows

c1 =
∂Lnl
∂F

∣∣∣∣
B0

, c2 =
∂Lnl
∂G

∣∣∣∣
B0

, (10)

d1 =
∂2Lnl
∂F2

∣∣∣∣
B0

, d2 =
∂2Lnl
∂G2

∣∣∣∣
B0

, d3 =
∂2Lnl
∂F∂G

∣∣∣∣
B0

. (11)

We have adopted a similar notation of ref. [30]. Moreover, from Eq. (7), we obtain the

homogeneous equations for the perturbation fields,

∇× δE = −∂ δB
∂t

, (12)

∇ · δB = 0 . (13)

At this stage, it is important to discuss some subtleties. First of all, using the previous

Eqs. (12) and (13), one can show that the coefficient c2 does not contribute to the linearized

field equations (3) and (4). Furthermore, we consider non-linear electrodynamics with parity

symmetry (invariance under the discrete transformation x→ −x) such that Lnl = Lnl(F ,G)

need to be invariant under the exchange G → −G. For this reason, we restrict to the models

in which d3 = 0. Thereby, only the coefficients c1, d1 and d2 will be relevant in our analyses.

Here, it is also convenient to observe that c1 > 0. Indeed, an effective theory of non-linear

electrodynamics can be written as a power series of the invariants F and G, given by

Lnl ≈
∑
i,j

aij F iGj , (14)

where aij are constants (see, for instance, refs. [26, 27]). The leading-order term in Eq. (14)

corresponds to the Maxwell contribution (F). Thus, we expect that c1 ≈ 1 + ε, with ε << 1

being a dimensionless parameter.

Next, we pass to describe the fluid theory. We shall adopt a similar methodology of a

previous work in ref. [31]. In a first approach, we consider the cold plasma limit described

by

∂n

∂t
+∇ · (nu) = 0 , (15)

∂u

∂t
+ (u · ∇) u = − e

m
(E + u×B) , (16)

where n denotes the electrons number density and u is the electrons fluid velocity field. In

addition, m and −e correspond to the electron mass and charge, respectively.
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It should be emphasized that we assume the first order approximation in which u = δu

(zero equilibrium fluid velocity), n = n0 + δn and B = B0 + δB, with n0 being the ions

background number density, and B0 represents the equilibrium magnetic field. Both n0 and

B0 are considered to be uniform and constant. For the sake of simplicity, we suppose that

the ions are infinitely massive, which is suitable for high frequency waves. Furthermore, we

shall also disregard the thermal and collisional effects.

We are now in position to obtain the modified Trivelpiece-Gould dispersion relation and

the generalized Appleton-Hartree equation, which will be discussed in the next two subsec-

tions.

A. Electrostatic waves

In this subsection, we investigate the electrostatic waves (δB = 0) and the corresponding

modified Trivelpiece-Gould modes. To accomplish this purpose, let us assume plane wave

perturbations proportional to exp[i(k · r − ωt)], where k and ω are the wave vector and

angular wave frequency, respectively. From now on, we call the attention that δn, δE and

δu will denote the Fourier amplitudes.

By considering Eq. (3) with the charge density ρ = e (n0 − n), as well as the fluid

equations (15) and (16), we obtain the system

ω δn = n0 k · δu , (17)

−iω δu = − e

m
(δE + δu×B0) , (18)

ic1 k · δE + id2 B0 · k (B0 · δE) = − e

ε0
δn . (19)

Before proceeding our analysis, we point out that this result also holds for non-linear

electrodynamics with d3 6= 0. Indeed, one can easily check that using δB = 0 in Eq. (8),

the coefficient d3 will not contribute to these expressions. At this stage, the auxiliary field

H in Eq. (9) is not required. The magnetic field perturbation (δB 6= 0) will be considered

in the next subsection.

For the unmagnetized case (B0 = 0), one can promptly obtain the solution ω2 = ω̃2
p,

where we adopted the shorthand notation for the modified plasma frequency

ω̃p = ωp/
√
c1 , (20)
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with ωp = [n0 e
2/(mε0)]

1/2 being the usual plasma frequency. Here, we remember that

c1 > 0, thus ω̃p is well-defined.

Now, we pass to consider the magnetized case. Let us assume that B0 = B0 ẑ and k ‖ δE

with k = k sin θ x̂+k cos θ ẑ. Solving the system of Eqs. (17)−(19), we arrive at the modified

Trivelpiece-Gould dispersion relation

ω4 −
(
ω̄2
p + ω2

c

)
ω2 + ω̄2

p ω
2
c cos2 θ = 0 , (21)

where ωc = eB0/m corresponds to the electron cyclotron frequency and

ω̄p =
1

(c1 + d2B2
0 cos2 θ )

1/2
ωp . (22)

Observe that, for θ = π/2 or d2 = 0, we recover the modified plasma frequency (20).

According to the definition (11), the second condition (d2 = 0) always occurs for non-linear

models that depend only on Lnl = Lnl(F). Furthermore, for a real frequency in Eq. (22),

we have the following constraint

c1 + d2B
2
0 cos2 θ > 0 . (23)

As a consequence, from Eq. (21), we get the solution

ω2 =
1

2

[
ω̄2
p + ω2

c ±
((
ω̄2
p − ω2

c

)2
+ 4 ω̄2

p ω
2
c sin2 θ

)1/2]
, (24)

and, with the condition (23), one can show that the correspondent modes are always stable

(ω2 ≥ 0). Therefore, the standard analysis of electrostatic waves holds with the modified

plasma frequency.

Finally, it should be mentioned that, for Maxwell electrodynamics, we have c1 = 1 and

d1 = d2 = 0, which implies ω̄p → ωp and the usual Trivelpiece-Gould dispersion relation is

recovered [32].

B. Generalized Appleton-Hartree equation

In this subsection, we now turn our attention to including the effects of magnetic field

perturbation (δB 6= 0). Here, we will be concerned with the electrodynamics in which

d3 = 0, namely, it corresponds to the cases with parity invariance. As done before, we
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consider plane wave perturbations proportional to exp[i(k · r − ωt)]. Additionally, we also

assume that B0 = B0 ẑ and k = k sin θ x̂+ k cos θ ẑ.

Following the usual procedure [33, 34], we first manipulate Eq. (16) to isolate the lin-

earized velocity in terms of electric amplitude and frequency, which yields

δux =
e

m

(ωc δEy + iω δEx)

(ω2
c − ω2)

, δuy =
e

m

(−ωc δEx + iω δEy)

(ω2
c − ω2)

, δuz = − ie

mω
δEz . (25)

Subsequently, from Eq. (12), one can easily see that δB = k × δE/ω. By inserting these

results into the modified Ampère-Maxwell law (4) with the current density j = −neu, we

finally arrive at the system
S − η2 cos2 θ −iD η2 cos θ sin θ

iD S − η2 α(θ) 0

η2 cos θ sin θ 0 P − η2 sin2 θ



δEx

δEy

δEz

 = 0 , (26)

where we defined the modified Difference (D), Sum (S) and Plasma (P) coefficients,

D =
ωc ω̃

2
p

ω(ω2
c − ω2)

, S = 1 +
ω̃2
p

ω2
c − ω2

, P = 1−
ω̃2
p

ω2
+
d2
c1
B2

0 . (27)

with ω̃p = ωp/
√
c1 being the modified plasma frequency. In addition, η = ck/ω denotes the

refractive index and

α(θ) = 1− d1
c1
B2

0 sin2 θ . (28)

The previous definitions clearly show the contributions of non-linear electrodynamics.

First of all, we adopted the standard definitions for the coefficients D and S with ωp → ω̃p.

However, for the coefficient P , we have a non-trivial contribution of d2B
2
0/c1. Furthermore,

we would like to point out the angular dependence in Eq. (28) due to the presence of

d1B
2
0/c1.

The non-trivial solutions of Eq. (26) are obtained by imposing that the determinant of

the matrix must vanish, which leads to

Aη4 −B η2 + C = 0 , (29)

where the coefficients are read below

A = α(θ)
[
S sin2 θ + P cos2 θ

]
, (30)

B = RL sin2 θ + SP [α(θ) + cos2 θ] , (31)

C = PRL , (32)
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in which we have also introduced R = S + D and L = S − D for the modified Right and

Left coefficients, respectively.

After some standard manipulations of Eq. (29), we promptly find that

η2 = 1− 2(A−B + C)

2A−B ±
√
B2 − 4AC

, (33)

and, by substituting the coefficients (30)−(32), this expression can be written as

η2 = 1−
ω̃2
p/ω

2

Q
, Q = (Q0 ± F ) /Q1 , (34)

with F 2 ≡ B2 − 4AC given by

F 2 =

[
RL−

(
1 +

d1
c1
B2

0

)
SP
]2

sin4 θ + 4 [1− α(θ)]S2P2 + 4 [1− α(θ)]SPRL sin2 θ

− 4

[
1− α(θ) +

d1
c1
B2

0

]
S2P2 sin2 θ + 4α(θ)P2D2 cos2 θ , (35)

and the definitions

Q0 =

(
1−

ω̃2
p

ω2
+
d2
c1
B2

0

)[
α(θ)− 1− (α(θ) + 1)

ω̃2
p

ω2
c − ω2

]
+

+
ω̃2
p

ω2
sin2 θ

[
(2α(θ)− 1)

ω2
c

ω2
c − ω2

− (2α(θ)− 1)
d2
c1
B2

0

ω2

ω̃2
p

+
d2
c1
B2

0

ω2

ω2
c − ω2

]
, (36)

Q1 =
2
(
ω2 − ω̃2

p + d2B
2
0 ω

2/c1
)

ω2
c − ω2

[
1− α(θ)−

ω̃2
p

ω2

]
+

+ 2 sin2 θ

[
(α(θ)− 1)

ω2
c

ω2
c − ω2

− (α(θ)− 1)
ω2

ω̃2
p

d2
c1
B2

0 +
ω2

ω2
c − ω2

d2
c1
B2

0

]
. (37)

We highlight that Eq. (34) corresponds to the generalized Appleton-Hartree equation

with the contributions of non-linear electrodynamics. As expected, in the Maxwell case

(c1 = 1 and d1 = d2 = 0), we recover the well-known Appleton-Hartree equation [33, 34],

where

Q = 1− ω2
c sin2 θ

2(ω2 − ω2
p)
±
(

ω4
c sin4 θ

4(ω2 − ω2
p)

2
+
ω2
c cos2 θ

ω2

)1/2

. (38)

The general solution of Eq. (34) is quite involved. However, the analyses of the principal

modes are feasible. In what follows, we consider the situations of propagation parallel or

perpendicular to the equilibrium magnetic field B0.
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For θ = 0, we obtain α(θ) = 1 and Q = 1 ± ωc/ω, such that Eq. (34) can be written in

the two modes below

c2k2

ω2
= 1−

ω̃2
p

ω(ω − ωc)
, (39)

c2k2

ω2
= 1−

ω̃2
p

ω(ω + ωc)
, (40)

which correspond to the modified right-hand and left-hand circularly polarized waves (RCP

and LCP), respectively. Therefore, only the coefficient c1 will contribute to changes in

the RCP and LCP modes and the well-known properties are reproduced here through the

replacement of plasma frequency ωp → ω̃p = ωp/
√
c1 in the usual results [32–34].

Moreover, the parallel propagation case allows another solution. By using θ = 0, all the

coefficients A,B and C in Eqs. (30)−(32) become proportional to P . Hence, P = 0 is a

possible solution of Eq. (29), which leads to

ω =
ωp√

c1 + d2B2
0

. (41)

Note that this frequency coincides with w̄p defined in the context of electrostatic waves (see

Eq. (22) with θ = 0).

Next, we pass to consider Eq. (34) with θ = π/2. After algebraic manipulations, we

obtain two solutions. The first one describes the modified ordinary (O) mode, given by

ω2 =
c2k2 + ω̃2

p(
1 + d2

c1
B2

0

) . (42)

In comparison with the usual O−mode (ω2 = c2k2 + ω2
p), we get new contributions due to

the coefficients c1 and d2. The analysis of the modified O−mode can be carried out with the

definitions of cut-off and resonance, which help us to divide the regions of propagation and

non-propagation. We remember that a cut-off occurs whenever the refractive index η → 0,

while a resonance happens when η →∞. In general, the wave will be reflected at a cut-off

and absorbed at a resonance. A qualitative description is displayed in Fig. 1, where we

consider a diagram 1/η2 versus ω. In this case, there is one cut-off at ωp/
√
c1 + d2B2

0 and

no resonances. The wave only propagates in the region with η2 > 0, namely, for frequency

ω > ωp/
√
c1 + d2B2

0 . At this stage, we recall that 1/η2 = v2φ/c
2, where vφ denotes the phase

velocity. Therefore, the wave travels faster or slower than c depending on the values of the
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FIG. 1. Dispersion relation of the modified O−mode from Eq. (42). A cut-off frequency occurs at

ωp/
√
c1 + d2B2

0 and the wave does not propagate in the region 0 < ω < ωp/
√
c1 + d2B2

0 .

coefficients c1 and d2 (the red line may be above or below to 1/η2 = 1). For high frequency,

we have that 1/η2 approaches to 1/(1 + d2B
2
0/c1).

The other solution for perpendicular propagation corresponds to the modified extraordi-

nary (X) mode, described by

c2k2

ω2

(
1− d1

c1
B2

0

)
= 1−

ω̃2
p

ω2

(ω2 − ω̃2
p)

(ω2 − ω̃2
h)

, (43)

with ω̃h being the modified upper-hybrid frequency such that ω̃2
h = ω2

c + ω̃2
p. By comparing

with the usual X−mode,
c2k2

ω2
= 1−

ω2
p

ω2

(ω2 − ω2
p)

(ω2 − ω2
h)

, (44)

we observe that only the coefficients c1 and d1 will introduce modifications by means of a

factor (1− d1B2
0/c1) and the replacements ωp → ω̃p and ωh → ω̃h.

It is worthwhile mentioning that Eq. (43) can be recast as

c2k2

ω2

(
1− d1

c1
B2

0

)
=

(ω2 − ω̃2
L)(ω2 − ω̃2

R)

ω2(ω2 − ω̃2
h)

, (45)

where we define the modified cut-off frequencies

ω̃L =
1

2

[
−ωc +

√
ω2
c + 4 ω̃2

p

]
, (46)

ω̃R =
1

2

[
ωc +

√
ω2
c + 4 ω̃2

p

]
. (47)

From these results, one can easily understand the behaviour of the modified X−mode,

which is exhibited in Fig. 2. First of all, there is a resonance at ω̃h, and the cut-off frequencies
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are situated at ω̃L and ω̃R. In the regions 0 < ω < ω̃L and ω̃h < ω < ω̃R, we see that 1/η2

is negative and, consequently, there is no propagation. On the other hand, we have two

regions of propagation, given by ω̃L < ω < ω̃h and ω > ω̃R, which are separated by a stop

band. Furthermore, it should be mentioned that the coefficients c1 and d1 also modify the

regions in which the wave travels faster or slower than c (again, the red line may be above

or below to 1/η2 = 1). For high frequency, we have that 1/η2 approaches to (1− d1B2
0/c1).

FIG. 2. Dispersion relation of the modified X−mode from Eq. (45). A resonance happens at ω̃h

and the cut-off frequencies are located at ω̃L and ω̃R. Forbidden bands are settled in 0 < ω < ω̃L

and ω̃h < ω < ω̃R.

A final comment we would like to raise concerns the limit of a null plasma frequency. From

Eqs. (39) and (40), we find the trivial solution ω = ck. In this limit, it is also expected to

recover the well-known dispersion relations of non-linear electrodynamics in vacuum with

an external magnetic field. Indeed, from Eqs. (42) and (43), one can promptly arrive at

ω ≈ ck√
1 + d2

c1
B2

0

, (48)

ω ≈ ck

√
1− d1

c1
B2

0 , (49)

which agrees with the results in refs. [24, 30]. Notice that the dispersion relations (48) and

(49) can be obtained from the asymptotic behaviour for high frequency in Figs. 1 and 2,

respectively.

Having established the principal modes, we are now equipped to investigate some specific

models. It will be done in the next section.
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III. Applications

So far we have not specified any electrodynamics, except for some considerations about

the Maxwell limit. The only assumption is parity invariance so that we restrict to the cases

with d3 = 0. In what follows, we apply our results to particular models. Initially, we consider

the well-known Euler-Kockel electrodynamics to illustrate our methodology and establish

some comparisons with the literature. After that, we pursue an investigation of a generalized

Born-Infeld electrodynamics, which has been a subject of intense research.

A. Euler-Kockel electrodynamics

The effective theory obtained by Euler and Kockel (EK) [7] is one of the most investi-

gated non-linear electrodynamics. This proposal takes into account the low-energy quantum

effects of vacuum polarization produced by virtual electron−positron pair, which leads to

the following corrections

LEK = F +
2

45

α2

m4

h̄3ε0
c3
(
4F2 + 7G2

)
, (50)

where h̄ ≡ h/2π denotes the reduced Planck constant and α ≡ e2/(4πε0h̄c) ≈ 1/137 is the

fine structure constant.

It is appropriate to remark that the EK model holds for frequencies below the Compton

frequency (ω << ωe = mc2/h̄), and for electromagnetic fields in the weak regime |E| << Ec

and |B| << Bc, where the critical fields are given by Ec ≡ m2c3/eh̄ ≈ 1, 3 × 1018 V/m

and Bc ≡ m2c2/eh̄ ≈ 4, 4 × 109 T. Mention should be made that EK result was genera-

lized by Heisenberg and Euler (HE) electrodynamics [8], where the authors obtained a

non-perturbative expression including high-order quantum corrections. For more details on

EK and HE electrodynamics, we point out the reviews [35, 36] and references therein. Here,

let us focus on the leading quantum correction, as described in Eq. (50).

According to the prescription in Eqs. (10) and (11) with Lnl = LEK , we find that

c1 = 1− 2

45

α

π

(
B0

Bc

)2

, (51)

d1 =
4

45

α

π

1

B2
c

, (52)

d2 =
7

45

α

π

1

B2
c

. (53)
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As already expected due to parity symmetry, we also obtain d3 = 0. From Eq. (51), one

can immediately see that c1 > 0. In this model, note that the coefficients d1 and d2 do not

depend on the equilibrium magnetic field B0. Moreover, we draw attention to the fact that

d2 > 0, then the constraint (23) related to electrostatic waves is automatically satisfied for

any θ-angle with the modified plasma frequency

ω̄p ≈

[
1 +

α

45π

(
B0

Bc

)2 (
1− 7

2
cos2 θ

)]
ωp . (54)

Next, let us examine the RCP mode. As described in Eq. (39), only c1 will be relevant.

Therefore, using the coefficient (51) and the assumption B0 << Bc, we obtain

η2 ≈ 1−
ω2
p

ω(ω − ωc)
− 2

45

α

π

(
B0

Bc

)2 ω2
p

ω(ω − ωc)
, (55)

which agrees with the result of ref. [37]. Similarly, one can get the LCP mode by substituting

ωc → −ωc in the previous expression.

We now consider the O−mode. In this case, it is opportune to define the dimensionless

parameter ξ = (α/90π)(B0/Bc)
2, such that the coefficients (51) and (53) can be written as

c1 = 1− 4ξ and d2B
2
0 = 14ξ. Keep this definition in mind and ξ << 1, from Eq. (42), one

can promptly arrive at

ω2 ≈ (1− 14ξ) c2k2 + (1− 10ξ) ω2
p , (56)

which is consistent with refs. [38, 39].

B. Born-Infeld-type electrodynamics

One of the first non-linear electrodynamics was proposed by Born and Infeld (BI) to

remove the singularity of the electric field at short distances and, consequently, to avoid the

divergence of the electron self-energy [9]. The BI model is described by

LBI =
β2

c2

[
1−

√
1− 2c2

β2
F − c4

β4
G2
]
, (57)

where β denotes the BI parameter with the same dimension as the electric field.

Observe that, at the limit of extremely large β, this model reduces to Maxwell electrody-

namics. Interestingly, the BI model was recovered in the low-energy limit of string theories

14



[40, 41]. Another particular feature is the absence of the birefringence phenomenon under

an external electromagnetic field [42]. However, it is pertinent to comment that this result

can be circumvented by coupling the BI model with a dark matter candidate [43].

In this subsection, based on ref. [44], we address to the following generalization

LBI−type =
β2

c2

[
1−

(
1− c2

pβ2
F − c4

2pβ4
γ G2

)p ]
, (58)

with p and γ being dimensionless parameters. One can immediately see that the BI model

(57) is recovered when p = 1/2 and γ = 1. Similar models were also analyzed in refs.

[30, 45–47], where the authors discuss the effects of birefringence, dichroism and obtain a

finite electric field at the origin for some specific values of the parameters.

It is important to point out that at the limit of low-energy fields (β >> cF , cG), the

Born-Infeld-type model (58) can be approximated by

LBI−type ≈ F +
(1− p)
p

c2

β2

F2

2
+ γ

c2

β2

G2

2
, (59)

which corresponds to the most general post-Maxwellian model up to second order in the

invariants F and G. Notice that the term proportional to FG does not appear due to parity

symmetry.

In addition, by taking the limit p→∞ in Eq. (58), we arrive at the so-called exponential

electrodynamics,

Lexp = lim
p→∞

LBI−type =
β2

c2

[
1− exp

(
− c

2

β2
F − c4

β4

γ G2

2

)]
. (60)

This type of model was initially investigated in the context of black hole solutions [48,

49]. For a detailed review of BI-type and exponential electrodynamics, as well as other

generalizations and their properties, we highlight the recent work of ref. [50].

Therefore, the BI-type model (58) allows us to investigate a series of electrodynamics in

the literature. We only need to consider different values and limits in the parameter space

(p, γ, β).

After these motivations, we now proceed to study the corresponding cold plasma waves.
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First of all, using the prescription in Eqs. (10) and (11) with Lnl = LBI−type, we obtain

c1 =

(
1 +

c2B2
0

2p β2

)p−1
, (61)

d1 =
(1− p)
p

c2

β2

(
1 +

c2B2
0

2p β2

)p−2
, (62)

d2 = γ
c2

β2

(
1 +

c2B2
0

2p β2

)p−1
. (63)

Recalling again that we get d3 = 0.

The requirement that c1 > 0 is satisfied by p > −c2B2
0/(2β

2). However, from Eq. (58),

we note that p < 0 would allow field configurations in which LBI−type → ±∞. To avoid such

singularities, we restrict ourselves to cases where p > 0.

We begin our analysis with electrostatic waves. Before going into details, it should be

mentioned that the BI model was investigated in ref. [51], but the authors focused on large

amplitude effects and the maximum values for the electric field and frequency. Here, as

already emphasized, we will be interested in the modified Trivelpiece-Gould modes (24).

For this purpose, we need to figure out the modified plasma frequency (22). In this manner,

by using the coefficients (61) and (63), we obtain

ω̄p = ωp

(
1 +

c2B2
0

2p β2

)(1−p)/2(
1 + γ

c2B2
0

β2
cos2 θ

)−1/2
. (64)

As a consequence, we observe that negative values for γ are possible with the condition

|γ| cos2 θ < β2/(c2B2
0). For γ ≥ 0, we have d2 ≥ 0 and the constraint (23) is contemplated

for any θ-angle.

It is also interesting to consider the weak field approximation β2 >> c2B2
0 . Therefore,

we can expand Eq. (64), which leads to

ω̄p ≈ ωp − ωp
c2B2

0

2β2

[
(p− 1)

2p
+ γ cos2 θ

]
. (65)

This result clearly shows that ω̄p ≈ ωp for some regions in the parameter space (p, γ, θ). In

other words, the first order contributions from non-linear electrodynamics cancel out if the

parameters satisfy (1 − p)/2p = γ cos2 θ. For instance, we display specific values in table

I. Notice that the Born-Infeld model (p = 1/2 and γ = 1) obeys this condition only for

θ = π/4. In the case of exponential electrodynamics (p → ∞), the cancellation occurs for

particular values of the parameter γ. Moreover, for p = 1 and perpendicular propagation

(θ = π/2), the condition is automatically satisfied for any γ << β2/(c2B2
0).
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θ 0 π/6 π/4 π/3

γ 1−p
2p

2
3
(1−p)
p

1−p
p 2 (1−p)

p

TABLE I. Specific values for (θ, γ) where ω̄p ≈ ωp in the weak field regime.

Our next undertaking is the circularly polarized waves. Let us consider the RCP mode.

In this case, only the coefficient c1 will be pertinent. According to Eqs. (39) and (61), we

promptly arrive at

η2 = 1−
ω2
p

ω(ω − ωc)

(
1 +

c2B2
0

2p β2

)1−p

. (66)

In the same way, one can obtain the LCP mode by replacing ωc → −ωc in the previous

expression. For the particular case of BI electrodynamics with the notation κ = 1/β, Eq.

(66) reduces to

(ω − ωc)
(
ω − c2k2

ω

)
= ω2

p

√
1 + κ2c2B2

0 , (67)

and we recover the result in ref. [52].

As before, we consider the weak field approximation, such that Eq. (66) takes the form

η2 ≈ 1−
ω2
p

ω(ω − ωc)
− (1− p)

2p

c2B2
0

β2

ω2
p

ω(ω − ωc)
. (68)

This expression is very similar to the one obtained for EK electrodynamics in Eq. (55).

However, we have an additional possibility here, namely, the last term in Eq. (68) can

assume positive or negative values depending on whether p > 1 or 0 < p < 1.

We now pass to investigate the modified O−mode. By substituting the coefficients (61)

and (63) in Eq. (42), we find that

η2 = 1 + γ
c2B2

0

β2
−
(

1 +
c2B2

0

2p β2

)1−p ω2
p

ω2
. (69)

At this stage, we remember the discussion related to Fig. 1. The coefficients c1 and

d2 modify the region where the wave may travel faster or slower than c, according to the

horizontal red line defined by 1/(1 + d2B
2
0/c1). In the case of BI-type model, this line is

given by 1/(1 + γ c2B2
0/β

2). Therefore, we need to analyze the situations with γ > 0 and

γ < 0, as well as specific values for p and c2B2
0/β

2.

For instance, the plot of 1/η2 versus ω/ωp with γ = 1 and c2B2
0/β

2 = 1/2 is displayed

in Fig. 3. We consider the particular cases of p = 1/2 (usual BI model), p = 3/4 and

p→∞ (Exponential model). Note that the propagating modes are divided into two regions
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with phase velocity vφ > c and vφ < c. For the sake of comparison, we also exhibit the

usual O−mode associated with Maxwell electrodynamics, where the wave travels only faster

than c (dotted line). Similar behaviour also occurs whenever γ > 0, but for small values

γ c2B2
0/β

2 << 1 the region with vφ < c will decrease.

2

-1

FIG. 3. Dispersion relations of the modified O−mode for particular cases of BI-type model with

p = 1/2 (green line), p = 3/4 (red line) and p → ∞ (blue line) in Eq. (69). The dotted line

represents the usual O−mode. We assume γ = 1 and c2B2
0/β

2 = 1/2. In the region 2/3 < 1/η2 < 1,

the wave travels slower than c.

On the other hand, for γ < 0 with the condition |γ| < β2/c2B2
0 to guarantee a well-

defined cut-off frequency, it is possible to show that vφ > c throughout the propagation

region.

The description of the modified X−mode can be performed in a similar way. Initially,

by using the coefficients (61) and (62) in Eq. (45), we get

η2 =
(ω2 − ω̃2

L)(ω2 − ω̃2
R)

ω2(ω2 − ω2
c − ω̃2

p)

[
2p+ c2B2

0/β
2

2p+ (2p− 1)c2B2
0/β

2

]
, (70)

where the modified plasma frequency is given by

ω̃p = ωp

[
1 +

c2B2
0

2p β2

](1−p)/2
, (71)

and the modified cut-off frequencies ω̃L and ω̃R are defined in Eqs. (46) and (47).
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Notice that the dispersion relation (70) does not depend on the parameter γ. In addition,

we recall that the coefficients c1 and d1 modify the asymptotic behaviour for high frequency,

which is obtained by the horizontal red line (1− d1B2
0/c1) in Fig. 2. For the BI-type model,

this expression leads to

1− d1B
2
0

c1
=

2p+ (2p− 1) c2B2
0/β

2

2p+ c2B2
0/β

2
. (72)

Therefore, we conclude that the wave travels faster or slower than c for high frequency,

depending on whether p > 1 or 0 < p < 1, respectively.

Next, we proceed to describe the effects on the allowed and forbidden regions. From Eq.

(71), we have that ω̃p < ωp when p > 1 and, consequently, the modified cut-off frequencies

ω̃L and ω̃R also decrease in comparison with the standard results ωL and ωR. However, one

can promptly verify that ω̃p, ω̃L and ω̃R increase for the parameter 0 < p < 1.

Here, it is instructive to consider the weak field regime β2 >> c2B2
0 . Bearing this in

mind, for the allowed band ω̃L < ω < ω̃h, we obtain

ω̃h − ω̃L ≈ ωh − ωL +
(p− 1)

2p
ω2
p

c2B2
0

β2

[
1√

ω2
c + 4ω2

p

− 1

2
√
ω2
c + ω2

p

]
. (73)

From this result, one can easily see that the correction term is positive (negative) for the

condition p > 1 (0 < p < 1), leading to a bigger (smaller) allowed band. Similarly, for the

forbidden band ω̃h < ω < ω̃R, we find that

ω̃R − ω̃h ≈ ωR − ωh +
(1− p)

2p
ω2
p

c2B2
0

β2

[
1√

ω2
c + 4ω2

p

− 1

2
√
ω2
c + ω2

p

]
, (74)

and arrive at the opposite previous conditions for the parameter p. These conclusions remain

true by taking into account an expansion with arbitrary order.

To illustrate the aforementioned results, the plot of 1/η2 versus ω/ωp with c2B2
0/β

2 = 1/2

and ωc = ωp/
√

2 is exhibited in Fig. 4. We consider the particular cases of p = 1/2 (usual BI

model) and p→∞ (Exponential model), described by the red and blue lines. By comparing

with the usual X−mode from Maxwell electrodynamics (dotted line), we clearly see that the

modified cut-off frequencies are shifted to the right (left) for p = 1/2 (p→∞). Furthermore,

we would like to highlight the asymptotic behaviour for extremely large ω. In the case of

p = 1/2, the wave travels with vφ < c because 1/η2 → 2/3. As expected, for the usual

X−mode, the phase velocity approaches to c (1/η2 → 1). On the other hand, for p → ∞

we have that vφ > c and 1/η2 → 3/2.
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FIG. 4. Dispersion relations of the modified X−mode for BI-type model with p = 1/2 (red line)

and p → ∞ (blue line) in Eq. (70). The dotted line represents the usual X−mode. We assume

c2B2
0/β

2 = 1/2 and ωc = ωp/
√

2.

Finally, it is important to provide some physical estimates. According to the work [50] and

references therein, the β−parameter of BI-type electrodynamics is estimated in the range

1019− 1020 V/m, or equivalently, β/c ∼ 1011− 1012 T. Along this subsection, we have shown

that c2B2
0/β

2 plays a fundamental role in the description of the principal modes. Therefore,

new contributions of BI-type models become more relevant with magnetic fields of the order

1010 − 1012 T such that c2B2
0/β

2 <∼ 1. For example, this magnitude can be achieved in

astrophysical environments of neutron stars, supernovae and gamma-ray bursts. However,

in these scenarios, the analyses need to be complemented with a more detailed treatment

by including an equation of state, as well as the relativistic effects and other contributions.

Nevertheless, the relevance of the dimensionless parameter c2B2
0/β

2 will certainly appear

together with additional features.

IV. Concluding Comments and Perspectives

In this contribution, we have investigated some modified plasma waves in the context of

non-linear electrodynamics. We have considered a magnetized plasma with electrons and a

uniform ionic background within a cold fluid model. In addition, we disregarded the col-
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lisional, relativistic and high amplitude effects. The dispersion relations were obtained in

terms of the coefficients c1, d1 and d2, which are determined by specifying the electrodynam-

ics under consideration, as described in Eqs. (10) and (11). Here, we assumed that d3 = 0

to preserve the parity symmetry. In what follows, our results are summarized.

For electrostatic waves, we arrived at the modified Trivelpiece-Gould dispersion relation

by substituting the plasma frequency ωp → ω̄p , defined in Eq. (22). To guarantee the

stability of the corresponding modes, one has the following constraint c1 + d2B
2
0 cos2 θ > 0,

where θ denotes the angle between the wave propagation direction and magnetic field B0.

We have also found a generalized Appleton-Hartree equation and investigated its principal

modes. For circularly polarized waves (RCP and LCP modes), the standard analysis applies

with the replacement ωp → ω̃p = ωp/
√
c1. Moreover, for the modified ordinary (O) mode,

Eq. (42), we recognized a cut-off at ω = ωp/
√
c1 + d2B2

0 and obtained the asymptotic

behaviour for high frequency, where 1/η2 approaches to 1/(1 + d2B
2
0/c1), with η being

the refractive index. The qualitative description is exhibited in Fig. 1. Similarly, for the

modified extraordinary (X) mode, we determined the resonance and cut-off frequencies with

the same change in the plasma frequency (ωp → ω̃p). Keeping this in mind, a resonance

occurs at the modified upper-hybrid frequency ω̃h and the cut-off frequencies are located

at ω̃L and ω̃R, defined in Eqs. (46) and (47). Again, we observed a modification in the

asymptotic behaviour for high frequency, given by 1/η2 → (1 − d1B2
0/c1). The qualitative

description is illustrated in Fig. 2. As expected, the usual dispersion relations from Maxwell

electrodynamics are recovered when c1 = 1 and d1 = d2 = 0.

To check the consistency of our results and clarify the methodology, we have considered

the well-known Euler-Kockel electrodynamics and showed that the corresponding dispersion

relations are in agreement with the literature. Furthermore, we also investigated the Born-

Infeld-type electrodynamics, which encompasses a set of models defined in the parameter

space (p, γ, β). For each dispersion relation, we found some constraints involving these

parameters. Below, the main results are pointed out.

In the case of electrostatic waves, the dispersion relation is well-defined for γ ≥ 0. It

is also possible to have γ < 0 with the constraint |γ| cos2 θ < β2/c2B2
0 . Interestingly

enough, in the weak field regime, the new effects cancel out when the parameters satisfy

(1− p)/2p = γ cos2 θ. As already mentioned, for circularly polarized waves, the new contri-

bution is included into the modified plasma frequency ω̃p. By considering weak fields, we
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obtained a similar expression of Euler-Kockel electrodynamics and showed that the corre-

spondent contribution may assume positive or negative values depending on whether p > 1

or 0 < p < 1. Next, for the modified ordinary mode, an interesting situation occurs whenever

γ > 0, namely, the propagation region allows phase velocity smaller than c, as described in

Fig. 3. We remember that it does not happen for the usual O−mode. At last but not least,

we analyzed the modified extraordinary mode in which the parameter p plays a fundamen-

tal role. First, the asymptotic behaviour for high frequency is altered, such that the wave

travels faster or slower than c in accordance with p > 1 and 0 < p < 1, respectively. We

also emphasized that these conditions provide different effects on the allowed and forbidden

regions, which may be smaller or greater than the standard results. The particular cases

with p = 1/2 and p→∞ are displayed in Fig. 4.

To conclude, we would like to point out some perspectives. As a first approach, we have

inspected the effects of non-linear electrodynamics in a restricted cold plasma model. With

this in mind, we wish to include additional features, such as the collisional and relativistic

contributions. In principle, it is also possible to consider large amplitude effects by taking

into account high-order expansions in Eqs. (8) and (9). We hope that the results discussed

here can be useful to pursue some investigations in these directions and to find applications

in astrophysical scenarios. In addition, as mentioned before, we have assumed that d3 = 0.

Although this assumption covers most non-linear electrodynamics in the literature, it is

opportune to point out that the presence of dark matter candidates may generate effective

models in which d3 6= 0 (see, for instance, ref. [53]). Therefore, as a further step, we

shall consider the coefficient d3 and its effects into the modified plasma waves. This could

be helpful to provide new phenomenological results and to develop some strategies for an

indirect dark matter search. We expect to report on that elsewhere.
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