
BURGERS’ PINNs WITH IMPLICIT EULER
TRANSFER LEARNING
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Thank you for having me here!

Pedro K — IME-UFRGS 2/67



Contents

Burgers’ PINNs

Implicit Euler Transfer Learning

Results

Final Considerations

Pedro K — IME-UFRGS 3/67



Introduction: Burgers’ PINNs

ut + uux = νuxx, (t, x) ∈ (0, tf ]× (0, 1)

u(0, x) = u0(x), x ∈ [0, 1]

u(t, 0) = u(t, 1) = 0, t ∈ [0, tf ]

Raissi, M., Perdikaris. 2019a, Journal of Computational Physics 378, 686-707.

Pedro K — IME-UFRGS Burgers’ PINNs 4/67



Euler Implicit PINNs
▶ Euler implicit scheme:

▶ Time discretization

t(k) = kht, ht = tf/nt, nt ≥ 0

▶ Time iteration

ũ(0)(x) = u0(x),

ũ(k) = ũ(k−1) + ht

(
νũ(k)

xx − ũ(k)ũ(k)
x

)
,

ũ(k)(0) = ũ(k)(1) = 0

▶ Sequence of multilayer percetrons (MLPs)

ũ(k) = N (k)
(
x;

{(
W (l), bbb(l), fff (l)

)}nl

l=1

)
,

aaal = fff
(
W (l)aaa(l−1) + bbb(l−1)

)
,

a(0) = x, ũ(k) = a(nl).
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Initial Condition

▶ ũ(0) = N (0)(x)

... ... ...
x

...

...

...

...

~u (0 )

▶ Loss function (MSE)

L0 :=
1

ns

ns∑
s=1

∣∣∣ũ(0)(xs)− u0(xs)
∣∣∣2
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Implicit Euler Transfer Learning

▶ N (k) ← N (k−1)

▶ ũ(k) = N (k)(x) ... ... ...
x

...

...

...

...

~u x
(k )

~u xx
(k )

~u (k )

▶ Loss function

L :=
1

ns − 2

ns−2∑
s=1

∣∣∣R(
x; ũ(k), ũ(k−1)

)∣∣∣2+1

2

(∣∣∣ũ(k)(0)∣∣∣2 + ∣∣∣ũ(k)(1)∣∣∣2) ,

▶ Residual

R
(
x; ũ(k), ũ(k−1)

)
:= ũ(k) − ũ(k−1) − ht

(
νũ(k)xx − ũ(k)ũ(k)x

)
.
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Problem 1
▶ Initial condition

u0(x) = 2νπ
sin(πx)

2 + cos(πx)

▶ Exact solution (ν = 1)

u(t, x) = 2νπ
e−νπ2t sin(πx)

2 + e−νπ2t cos(πx)
.

▶ MLP architecture
▶ 1− nn × nl − 1
▶ Hidden activation functions

aaa(l) = tanh
(
zzz(l)

)
▶ Output activation function

a(nl) = id(zzznl−1)
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Problem 1: Initial Condition Training

nepoch/L0

nl\nn 10 20 30 40

ns = 10

1 5E+4 / 2E−5 5E+4 / 3E−5 5E+4 / 6E−6 4E+4 / 3E−5
2 1E+4 / 6E−7 1E+4 / 7E−7 1E+4 / 7E−7 1E+4 / 5E−7
3 1E+4 / 6E−7 1E+4 / 6E−7 9E+3 / 8E−7 9E+3 / 5E−7
4 1E+4 / 8E−7 1E+4 / 6E−7 2E+4 / 8E−7 1E+4 / 7E−7

ns = 100

1 5E+4 / 6E−6 5E+4 / 5E−6 5E+4 / 7E−6 5E+4 / 1E−5
2 5E+4 / 9E−7 1E+4 / 9E−7 1E+4 / 9E−7 1E+4 / 9E−7
3 2E+4 / 9E−7 1E+4 / 9E−7 1E+4 / 9E−7 9E+3 / 9E−7
4 2E+4 / 9E−7 1E+4 / 9E−7 1E+4 / 9E−7 1E+4 / 9E−7

Pedro K — IME-UFRGS Results 9/67



Problem 1: First Time Step

nepoch/L
ht\ns 10 100 1000

10−1 4E+4 / 2E−1 2E+4 / 2E−1 2E+4 / 2E−1
10−2 2E+4 / 3E−3 2E+4 / 3E−3 2E+4 / 3E−3
10−3 2E+4 / 3E−5 2E+4 / 8E−5 3E+4 / 8E−6

Pedro K — IME-UFRGS Results 10/67



Problem 1: PINN versus Exact Solutions

ht = 10−3, ns = 100
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Problem 2
▶ Initial condition

u0(x) = − sin(πx)

▶ Analytical solution (ν = 0.01/π)

u(x) =
−
∫∞
−∞ sin(π(x− η))f(x− η)e−

η2

4νt dη∫∞
−∞ f(x− η)e−

η2

4νt dη
,

where f(y) = e− cos(πy)/(2πν).

▶ MLP Architecture

1− 30× 3− 1

▶ Discretization parameters

ht = 10−3, ns = 100 (4)

Raissi, M., Perdikaris. 2019b, Journal of Computational Physics 378, 686-707.
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Problem 2: First Time Steps
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Problem 2: Last Time Steps
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Final Considerations

▶ Simulation of Burgers’ equation
▶ PINNs - Physical-informed neural networks
▶ Implicit Euler transfer learning

▶ PINNs advantages
▶ Simplicity
▶ Meshless
▶ Generality

▶ Implicit Euler transfer learning
▶ Smaller MLP architecture
▶ Potentially enhancing computational resources

▶ Further developments
▶ θ-Scheme
▶ Preprocessing
▶ Adaptive MLP architecture
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Thanks for your attention!

Research group

Site UFRGS
professor.ufrgs.br/pedro

Lecture Notes
notaspedrok.com.br

Instagram
@notas.pedrok
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