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Time-Dependent Random Threshold Voltage
Variation Due to Random Telegraph Noise

Gilson Wirth , Senior Member, IEEE

Abstract— With the downscaling of device dimensions,
the variability of metal–oxide–semiconductor field-effect
transistor (MOSFET) electrical behavior is produced by
factors other than variations in physical dimensions and
doping profiles, which are there since device fabrication and
remain static over time. Besides these time-zero variability
factors, factors that lead to performance variability from
one instant in time to the other start playing a significant
role. Random telegraph noise (RTN) is among these relevant
time-dependent variability sources, causing the threshold
voltage (VT) of a transistor to change from one instant in time
to the other. In this work, we extend the knowledge of the
time-dependent random variability induced by RTN, by pro-
viding a statistical model for RTN-induced threshold voltage
variance over time. The area scaling of threshold voltage
variance is detailed and discussed, supporting designers in
transistor sizing toward a more reliable design. Not only the
threshold voltage variance expected in a single transistor
is modeled but also its variability among transistors that
by design should behave the same way. It is shown that
with device size downscaling, the variability of RTN among
devices increases faster than its mean value. The relation-
ship between the time domain (RTN) and frequency domain
(low-frequency noise) is studied. The modeling provides
equations to extract trap amplitude contribution and trap
densities from the moments of a measured low-frequency
noise distribution or from the moments of a measured
VT variation distribution, without having to characterize
individual step heights. Besides analytical modeling, Monte
Carlo simulations are run, illustrating the RTN-induced time-
dependent random VT variation and model applicability.

Index Terms— Metal–oxide–semiconductor field-effect
transistor (MOSFET) scaling, random telegraph noise (RTN),
time-dependent variability, timing jitter.

I. INTRODUCTION

METAL–OXIDE–SEMICONDUCTOR field-effect tran-
sistors (MOSFETs) are the workhorses of integrated

circuit (IC) design. Its reliable and stable operation is key for
the success of semiconductor industry. Variability of MOSFET
parameters and intrinsic noise lead to IC yield and reliability
issues. Both stochastic variability and noise scale inversely
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with area. On the other hand, the cost increases with the
area, and increasing the area may also increase the capacitive
load, what decreases the performance and increases the power
consumption. For the designer to be able to find the adequate
balance between cost, reliability, and performance, adequate
models are demanded.

There are sources of variability that are time-independent,
present in the fresh (new) device due to imperfections in
fabrication process and the discrete nature of matter. This
includes line edge roughness, random dopant fluctuations,
and metal (or poly) gate granularity. But there are also
time-dependent—time-varying—sources of variability. Ran-
dom telegraph noise (RTN) is among these time-varying
sources of variability [1], [2].

There are well-established models for the time-zero variabil-
ity. To a first-order, time-zero parameter variability (parameter
statistical standard deviation) is considered to be inversely
proportional to the square root of the area [1]. This is well-
known and widely used by circuit designers. The time-zero
(static) variability is not expected to induce jitter of signals.
In digital circuits, the RTN chronological statistics, especially
trap occupancy switching, has direct impacts on the circuit
performance and reliability, as degradations like signal jitter
happen when a trap switches state.

In this work, an analytical model to evaluate the RTN-
induced threshold voltage variance over time [15] is detailed
and extended. To the best of our knowledge, this is the first
statistical model derivation of the RTN-induced threshold volt-
age variance. Properly modeling variability is of paramount
relevance, since not only the amplitude of RTN-induced fluc-
tuations increases with area downscaling but also the device-
to-device variability increases. Variability increases even faster
than the mean value, as shown in this work. This work is
extended to show that it is possible to extract both the trap
amplitude contributions and trap densities from the moments
of a measured low-frequency noise distribution or from the
moments of a measured VT distribution, without having
to characterize individual step heights. This is done in an
approach similar to bias temperature instability (BTI) [14].
To the best of our knowledge, this is the first proposal to
allow extraction of these parameters from both time-domain
and frequency-domain noise measurements without having to
characterize individual step heights.

II. TIME-DOMAIN ANALYTICAL MODEL

The alternate capture and emission of carriers at individual
defect sites (charge traps) generates discrete fluctuations in
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MOSFET current. These fluctuations, also called RTN, are the
main source of low-frequency noise in deep-submicrometer
MOSFETs. Considering the effect of a single trap, the drain
current ID alternates between a higher current state and a
lower current state. The difference (fluctuation) in the drain
current between states is δ ID. Usually, current fluctuations
are measured. The current fluctuation δ ID may be translated
into a threshold voltage fluctuation δVT according to δ ID =
gmδVT . Similarly, drain-current-referred noise power spectral
density (PSD) may be translated into gate-referred voltage
noise PSD using SId = SV gg2

m [1], [3], [7], [11], [12].
For compact modeling purposes, the capture and emission

of electrons by a charge trap may be modeled as a two-state
fluctuation of the threshold voltage VT. If the trap is empty,
it is considered that the device is at a lower VT (hence higher
current). If a charge carrier is trapped, it is considered that the
device is at a higher VT (hence lower current). The difference
in VT between the trapped and empty states of a single trap is
then δVT. Considering the i th trap, δVTi is the VT fluctuation
due to the i th trap. Please note that for traps that lead to
a higher VT if occupied (and hence a lower VT if empty),
the notation for the states may be exchanged, without any
loss of generality and model validity.

The value of the VT fluctuation due to all traps at time t , here
called �VT(t), is then evaluated as the sum of the contribution
of all Ntr traps found in a device that are active in the time
window of interest, producing RTN:

�VT (t) =
Ntr�
i=1

δVT i Si (t). (1)

For simplicity and consistency with noise, we make the
mean (expected) value of �VT equal to zero, E[�VT(t)] = 0.
Noise is assumed to have a mean value of zero. This is also
convenient to lead to an elegant resolution for the expected VT

variance over time in a device. Zero mean value is achieved
by making the mean value of the VT fluctuation due to each
trap equal to zero, by writing Si (t) as being

Si (t) =

⎧⎪⎨
⎪⎩

− 1

1 + βi
, if the trap is empty

+ βi

1 + βi
, if the trap is occupied.

(2)

where βi = τCi/τEi, with τCi and τEi being the capture and
emission time constants, respectively.

Please note that this notation does not change the waveform
of the RTN. Since the mean value the trap keeps empty
is τCi /(τCi + τEi) = βi/(1 + βi) and the mean value the
trap keeps occupied is τEi/(τCi + τEi) = 1/(1 + βi ), it just
removes the mean value (dc component) of the waveform,
for any value of βi . The amplitude of �VT(t) induced
by the i th trap keeps being δVTi, since τCi /(τCi + τEi) +
τEi/(τCi + τEi) = βi/(1 + βi) + 1/(1 + βi) = 1. See Fig. 1,
where this is exemplified. The mean value (dc component) of
the waveform does not contribute neither to VT variance over
time nor to noise. Hence, it is appropriate to remove it, besides
facilitating the statistical analysis.

As seen in Fig. 1 and described by (1) and (2) above,
VT is not constant, but it randomly fluctuates over time.

Fig. 1. MC simulation of threshold voltage variation over time ΔVT(t)
due to RTN. Trap occupancy switching leads to discrete fluctuations
in VT. The first 9000 points of the MC runs for two nMOSFETs of size
0.16 μm × 0.13 μm are shown. Due to random number of traps and
related parameters, devices that by design should be identical show
different VT variance over time. Note that the formulation used here does
lead to zero mean value, without changing the waveform.

To properly model this behavior, the variance of VT taken
over time, Var[�VT(t)], is evaluated. To simplify the notation,
Var[�VT(t)] will be named VTVar. Furthermore, due to random
number of traps and random trap parameters, VTVar may be
different in devices that by design should be identical. Hence,
it is also needed to model how VTVar varies among devices.
This is achieved by modeling Var[VTVar], the variance of VTVar

among devices.
The variance of the threshold voltage fluctuation in a device

taken over time is evaluated starting from

Var[�VT (t)] = E
�
�V T (t)2� − E[�V T (t)]2 (3)

with E[�VT(t)] = 0.
For evaluating E[�VT(t)2], we note that for a single trap

E
�
(δVT i Si (t))

2
� = E

	
δVT i

2 · βi

(1 + βi )
2



≡ E

�
A2

i

�
. (4)

The amplitude contribution Ai of the i th trap to the variance
of VT is the same as its contribution to low-frequency noise.
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See equation (40) in [3] and the discussion in Section III of
this work.

E[�VT(t)2] is then evaluated as

E
�
�V T (t)2

� = E

�
Ntr�
i=1

(δVT i Si (t))
2

�
= E[Ntr ]E

�
A2

i

�
(5)

which leads to

Var[�VT (t)] = E[Ntr ]E
�
A2

i

� ≡ E[VTvar] (6)

where E[Ntr ] = n is the mean number of traps per device
active in the time window of interest, considering an ensemble
of geometrically identical devices, as discussed in Section III.

Due to the random trap activity, at each time instant the
threshold voltage may be different. Equation (6) describes the
expected variance of the threshold voltage taken over time
in a single device, and we name it VTvar, relating it to the
time-varying VT due to RTN. It may be seen as a jitter of
the threshold voltage, with VT randomly fluctuating around its
mean value.

Equation (6) is for the expected value of the VT vari-
ance over time in a transistor, that is, the expected (mean)
threshold voltage variation over time considering an ensemble
of geometrically identical devices. Different transistors will
have different number of traps Ntr , with different amplitude
contributions Ai , and VTvar will vary among transistors that
by design should be identical. Some transistors may have
small amplitude traps—or even no traps—while others may
have traps with large amplitude. Hence, it is also important to
evaluate the variability of the expected value of VTvar among
geometrically identical transistors. Each individual transistor
may show VTvar different from its counterparts.

The variance of VTvar in an ensemble of devices may be
evaluated using

Var[VTvar] = E
�
V 2

Tvar

� − E[VTvar]2. (7)

Assuming that the number of traps is Poisson-distributed,
it is evaluated as being

Var[VTvar] = E[Ntr ]E
�
A4

i

�
. (8)

The Poisson distribution for the number of traps has been
widely reported in the literature [14], [16]–[20].

III. RELATION TO 1/F NOISE AND AREA SCALING

To detail the area scaling of VTvar and Var[VTvar], we
must look at the area dependence of n and Ai . These are
parameters well-studied in the literature. The mean number of
traps is known to be proportional to area, n∼WL. The mean
amplitude due to a trap is known to scale inversely with area,
Ai∼1/WL [1], [3], [7]–[10]. From (6), the following relation
between the device area and the mean (expected) VTvar can
then be written

E[VTvar] = Var[�VT (t)] ∼ 1/WL. (9)

For the variation in VTvar among devices, from (8) the follow-
ing relation between device area and VTvar variability among
devices can be written

Var[VTvar] ∼ 1/(WL)3. (10)

This means that with the area scaling not only the expected
value of VTvar increases but also the variability of VTvar among
devices increases. This increasing time-dependent random
variability is a significant challenge for the device designer.

If the charge trapping and de-trapping is the dominant
source of 1/f noise, the expected value of VTvar is related to
the mean value of the 1/f noise power. Equation (6) has the
same form and same area dependence as (34) in [3], which is
replicated here for reader’s convenience

E[S( f )] = E
�
A2

i

�
NdecWL

f

π

2
. (11)

The trap density per unit area and frequency decade is
(Ndecln10) [3]. A frequency decade is the interval between
two frequencies having a ratio of 10 to 1. Hence, the mean
number of traps per device is [3]

E[Ntr ] = n = NdecWL ln (10) log



fmax

fmin

�
(12)

where fmin and fmax are the lower and upper limits of the
frequency window of interest, respectively.

Since we assume that the traps producing RTN and 1/f noise
are the same, the equivalent equation in the time domain is

E[Ntr ] = n = NdecWL ln (10) log



tmax

tmin

�
(13)

where tmin and tmax are the lower and upper limits of the time
window of interest, respectively.

Both (6) and (11) are proportional to E[A2
i ] and proportional

to the mean number of traps in a given device size. The same
area dependence is seen in (9) above and (35) in [3]. This is
expected since the mean value of VTvar (and the mean value
of phase noise) due to RTN is related to the mean 1/f noise
due to RTN. Also, similar to 1/f noise (frequency domain),
traps that have maximum contribution to VTvar (time domain)
are the ones with capture time similar to the emission time,
that is, β ≈ 1.

Similarly, the variability of VTvar is related to the variability
of the 1/f noise power. Equation (8) has the same form and
same area dependence as (38) in [3], which is also replicated
here for reader’s convenience

Var[S( f )] = E
�
A4

i

�
NdecWL

2

1

f 2
. (14)

Both (8) above and (38) in [3] are proportional to E[A4
i ]

and proportional to the mean number of traps in a given device
size. The same area dependence is seen in (10) above and (38)
in [3]. This is expected, since the variability of VTvar (and phase
noise variability) due to RTN is related to the variability of 1/f
noise due to RTN.

Hence, as seen in 1/f noise, not only the mean value of
VTvar is expected to increase with device area downscaling but
also the scattering of VTvar among devices strongly increases
with device downscaling. Each device has a random number of
traps with random amplitudes and random time constants. The
variation in VT over time in a device is given by its particular
number of traps and related parameters. The number of traps
and related parameters vary among devices. The smaller the
device size, the larger the RTN performance varies among
devices that by design should be identical.
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Now we address the parameter extraction using model
equations. For both the time domain and frequency domain,
the model parameters are trap amplitude contribution and trap
density. These parameters can be extracted from measured
distributions, either in the time domain or frequency domain.

From (11) and (14)

Var[S( f )]

E[S( f )]
= E

�
A4

i

�
E

�
A2

i

�
π f

(15)

which does not depend on the trap density. It depends solely
on the trap amplitude contribution.

A similar relation may be derived from the time-domain
model. From (6) and (8)

Var[VTvar]

E[VTvar]
= E

�
A4

i

�
E

�
A2

i

� (16)

which also depends solely on the trap amplitude contribution.
This implies that if the shape of the distribution is known,

both E[Ai] and trap densities may be extracted either from
the moments of a measured low-frequency noise distribution
or from the moments of a measured VTvar distribution, without
having to characterize individual step heights.

Also of interest is that once the parameters are extracted
from the frequency-domain measurement (low-frequency)
noise, they may be used for modeling in the time domain
(VT variance over time). The reciprocal also holds: parameters
extracted from the time-domain measurements may be used for
modeling in the frequency domain.

This is similar to the approach used in BTI [14]. Consid-
ering �VT,BTI(t) to be the VT shift due to BTI, the following
equation may be derived [14]:

Var
�
�V T,BT I (t)

�
E

�
�V T,BT I (t)

� =
�

E
�
δV 2

T i

�
E[δVT i ]

�
. (17)

Assuming the threshold voltage fluctuation (trap amplitude)
δVT i to be exponentially distributed leads to [14]

E[δVTi] = Var
�
�V T,BT I(t)

�
2E

�
�V T,BT I(t)

� . (18)

To allow the extraction of trap amplitude contribution Ai

and trap density from low-frequency noise data or time-domain
VT variance data, it is also needed to know the shape of the
distribution of Ai . If it is assumed that Ai is exponentially
distributed, and noting that the moments of an exponentially
distributed random variable X are given by E[Xn] = n!/λn ,
with E[X] = 1/λ being the parameter of the exponential
distribution [6], leads to

Var[S( f )]

E[S( f )]
= 12E[Ai ]2

π f
. (19)

Allowing the extraction of E[Ai ] as being

E[Ai ] =
�

π f Var[S( f )]

12E[S( f )]
. (20)

This extraction of E[Ai] was not done in [3] because there
was no assumption made regarding the distribution of Ai .

Once E[Ai ] is determined, the trap density may be evaluated
as

NdecWL = E[S( f )] f

E[Ai ]2

1

π
. (21)

And Ntr is calculated using (12). Parameter extraction from
the experimental 1/f noise S( f ) is presented in Section IV.

Making the same assumption in the time domain–that Ai is
exponentially distributed—leads to

Var[VT var]

E[VTvar]
= E

�
A4

i

�
E

�
A2

i

� = 12E[Ai ]2. (22)

Leading to

E[Ai ] =
�

Var[VT var]

12E[VTvar]
. (23)

Once E[Ai] is extracted, E[A2
i ] can be evaluated using

the properties of the exponential distribution, and the mean
number of traps E[Ntr] = n may then be extracted using (6),
which for an exponential distribution becomes E[V Tvar] =
2E[Ntr]E[Ai ]2.

This means that for each device, the threshold voltage (VT)
is measured over time. For each device, the variance of VT

(VTvar) is evaluated in the measured time interval. The average
value of VTvar of the ensemble of devices is calculated. This is
E[VTvar]. The variance of VTvar among the different devices is
calculated. This is Var[VTvar]. Once E[VTvar] and Var[VTvar] are
obtained, E[Ai ] and E[Ntr] are obtained using (23) and (6),
respectively. Due to lack of experimental data, parameter
extraction from experimental threshold voltage fluctuation over
time is not done in this work.

The time-domain analytical model derived in Section II and
the frequency-domain model derived in [3] are valid for any
statistical distribution of the VT fluctuation induced by a single
trap (no particular distribution is assumed in model derivation).
Also, the area scaling does not depend on the shape of Ai

distribution. Equations (15) and (16) are also valid for any dis-
tribution of Ai . However, to do parameter extraction, the shape
of the distribution of Ai needs to be known, since the moments
of Ai will be different for different distributions. The assump-
tion of Ai being exponentially distributed leads to (19) to (23),
used for parameter extraction in Section IV. If the assumption
of Ai being exponentially distributed does not agree with
the experimental data, the moments of Ai may be written as
a function of the parameters of the distribution of interest,
as discussed in Section IV.

IV. EXPERIMENTAL RESULTS AND MONTE

CARLO SIMULATIONS

The parameters trap amplitude contribution and trap den-
sity are extracted from the frequency-domain experimental
results previously published in [3] for a 0.13-μm tech-
nology node, where charge trapping was found to be the
major low-frequency noise source. The mean value of the
gate-referred noise PSD E[SVG] and the variance Var[SVG] are
evaluated from the measured samples in the frequency range
from 1 to 10 kHz. In this range, the noise PSD was measured
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at 160 different frequencies f , approximately equally spaced
in log scale. At each measured frequency f , the mean trap
amplitude contribution E[Ai ] is extracted using (20), and the
trap density is extracted using (21).

The experimental results for the devices of largest measured
sample sizes are reported. The extracted values are as follows:

E[Ai ] equal to 9.8E-5 ± 2.4E-5 V and NdecWL ln (10)
equal to 0.53 ± 0.18 traps per frequency decade, for the
0.16 μm × 0.13 μm nMOSFETs, where 42 transistors were
measured.

E[Ai ] equal to 2.1E-6 ± 0.62E-6 V and NdecW L ln (10)
equal to 25.8 ± 9.2 traps per frequency decade, for the
10 μm × 0.13 μm nMOSFETs, where 27 transistors were
measured.

E[Ai ] equal to 1.2E-4 ± 4.3E-5 V and NdecW L ln (10)
equal to 1.43 ± 0.58 traps per frequency decade, for the
0.16 μm × 0.13 μm pMOSFETs, where 21 transistors were
measured.

After parameter extraction from the frequency-domain
experimental results, the frequency-domain Monte Carlo (MC)
simulations were performed as follows:

The number of traps is assumed to be Poisson-distributed,
with the mean number of traps in a device extracted from
the frequency-domain measurements. A frequency window
of 105 Hz is simulated, assuming Ntr = Ndec WL ln(10)
log(105). Hence, considering the values extracted from the
frequency-domain, E[Ntr] is 2.65 for 0.16 μm × 0.13 μm
nMOSFETs, 129 for 10 μm × 0.13 μm nMOSFETs, and
7.15 for 0.16 μm × 0.13 μm pMOSFETs.

The corner frequency fi of each trap in each device is
chosen by lot according to a uniform distribution in log
scale [3].

The amplitude contribution Ai of a single trap is a random
variable, exponentially distributed, being the mean amplitude
contribution extracted from the frequency-domain measure-
ments. As extracted from the experimental data, the mean
amplitude contributions is 9.8E-5 V for 0.16 μm × 0.13 μm
nMOSFETs, 2.1E-6 V for 10 μm × 0.13 μm nMOSFETs,
and 1.2E-4 V for 0.16 μm × 0.13 μm pMOSFETs.

For each device, S( f ) is calculated as S( f ) =�Ntr
i=1 A2

i (1/ fi)(1/(1 + ( f/ fi )
2)), which is (18) in [3].

Fig. 2 shows the quantile–quantile (Q–Q) plots of the
experimental gate-referred noise PSD quantiles in log scale,
log(SVG( f )) in V 2/Hz at a frequency of 10 Hz, against the
quantiles of log(SVG( f )) at 10 Hz from MC simulations.
A good agreement between the experimental data and MC
simulations results is seen, showing that the model is appro-
priate and that the exponential distribution for Ai is a good
assumption.

The exponential distribution has only one parameter and is
uniquely determined by its moments, hence, being possible
to determine its parameter analytically using (20)—frequency
domain—or (23)—time domain, without any fitting, as done
here. The exponential distribution has been widely reported
in the literature [14], [16]–[20]. If the exponential distribu-
tion does not yield a good agreement with the experimental
data, other distributions may be examined. The exponential
distribution is a special case of the Weibull distribution with

Fig. 2. Q–Q plots of the experimental gate-referred noise PSD quantiles
in log scale, log(SVG(f)), at the frequency of 10 Hz against the quantiles
of log(SVG(f)) at 10 Hz from MC simulations.

the shape parameter k = 1 [6]. Finer tuning (fitting) can
be tried allowing the shape parameter of the Weibull dis-
tribution to vary. The lognormal distribution has also been
widely reported in the literature [21]–[23]. Both lognormal and
Weibull distributions have two parameters. While increasing
the number of parameters may be favorable to bring data and
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model into agreement, the solution using (15) or (16) will not
be unique anymore, and fitting will be needed. Equations (15)
and (16) relate the measured S( f ) or VTVar solely to Ai (it
does not depend on other parameters) and are valid for any
distribution of Ai . The moments of Ai may be written as a
function of the parameters of the candidate distribution, and
fitting performed. For instance, in the case of the lognormal
distribution, (15) may be used to relate the two lognormal
distribution parameters (μ and μ) to the moments of Ai ,
and fitting performed to properly fit the different experimental
quantiles to the theoretical ones, determining the distribution
parameters.

MC simulations were also run in the time-domain to confirm
the behavior predicted by the analytical model presented in
Section III, and the results for the nMOSFETs are presented
and discussed. The time-domain MC simulations were run
using the parameters extracted from the frequency-domain and
assuming that:

Charge trapping and de-trapping are the stochastic events
governed by the characteristic time constants, which are uni-
formly distributed on a log scale.

The number of traps is assumed to be Poisson-distributed,
with the mean number of traps in a device extracted from
the frequency-domain measurements. A time window of 105 s
is simulated, assuming an Ntr = Ndec WL ln(105). Hence,
considering the values extracted from the frequency domain,
E[Ntr] is 2.65 for the 0.16 μm × 0.13 μm nMOSFETs,
129 for the 10 μm × 0.13 μm nMOSFETs, and 7.15 for
the 0.16 μm × 0.13 μm pMOSFETs.

The amplitude contribution Ai of a single trap is a random
variable, exponentially distributed, being the mean amplitude
contribution extracted from the frequency-domain measure-
ments. As extracted from the experimental data, the mean
amplitude contribution is 9.8E-5 V for the 0.16-μm × 0.13 μm
nMOSFETs, 2.1E-6 V for the 10-μm × 0.13 μm nMOSFETs,
and 1.2E-4 V for the 0.16-μm × 0.13 μm pMOSFETs.

For each device size, 1000 MC simulations are run. At each
simulation time step, the trap switching probability (capture or
emission of a charge carrier by a trap) is evaluated according
to the trap capture or emission time constant. As an example,
Fig. 1 shows the first 9000 points of the MC runs of two
nMOSFETs with WL of 0.16 μm × 0.13 μm. The device
in Fig. 1(b) shows a much larger VT fluctuation than the
one in Fig. 1(a), illustrating the variability among devices
that by design should behave identically. For the transistor
in Fig. 1(a), the threshold voltage variance is VTvar = 8.21E-
10 V 2, which means a standard deviation of VT over time of
2.86E-5 V. For the transistor in Fig. 1(b), the threshold voltage
variance is VTvar = 5.20E-7 V 2, which means a standard
deviation of VT over time of 7.21E-4 V. This variation in
VT over time could be seen as jitter of the threshold voltage,
randomly varying around its mean value.

The 1000 MC runs for the 10 μm × 0.13 μm nMOSFETs
yielded a mean value of VTvar = 1.12E-9 V 2, and Var[VTvar] =
6.27E-20 V4. The analytical results from (6) and (8) are 1.14E-
9 V 2 and 6.02E-20 V4, respectively. The 1000 MC runs for
the 0.16-μm × 0.13 μm nMOSFETs yielded a mean value
of VTvar = 5.16E-8 V2, and Var[VTvar] = 5.44E-15 V 4. The

Fig. 3. Histogram of VTvar from MC simulations for two different
nMOSFET sizes. For each size, 1000 devices were simulated. Black
diamonds show the average VTvar for each device size. The error bars
have a total length equal to two times (Var[VTvar])0.5 of each device size.
Please note that the y-axis of the first histogram is in log scale.

analytical results from (6) and (8) are 5.09E-8 V 2 and 5.87E-
15 V 4, respectively. The 1000 MC runs for the 10 μm ×
0.13 μm pMOSFETs yielded a mean value of VTvar = 2.01E-
7 V 2, and Var[VTvar] = 3.23E-14 V4. The analytical results
from equations (6) and (8) are 2.06E-7 V 2 and 3.56E-14 V4,
respectively. The histograms in Fig. 3 show the MC simulation
results for the nMOSFETs. Due to random number of traps,
random trap amplitude, and random trap activity, the variance
of VT taken over time (VTvar) is different for each device.
Black diamonds show the mean VT variance obtained in the
MC simulations for each device size. The error bars have a
total length equal to two times (Var[VTvar])0.5 of each device
size, as obtained from the MC simulations. Please note that for
the 0.16 μm × 0.13 μm nMOSFETs, the error bar is larger
than the mean value. Due to the area scaling of Var[VTvar],
in Fig. 3 the error bar increases rapidly as the area becomes
smaller. With nMOSFET area decreasing from 10 μm ×
0.13 μm to 0.16 μm × 0.13 μm, the mean value of VTvar

increased from 1.12E-9 V 2 to 5.16E-8 V 2, while the variance
of VTvar increased from 6.02E-20 V 4 to 5.87E-15 V 4. The
variance increases much faster than the mean value, leading
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to the larger spread seen in the histogram of Fig. 3. For
the small area device, the spread of the x-axis in Fig. 3 is
much larger than for the large area device, showing that with
area downscaling the probability of obtaining extreme values
increases much faster than the mean value. This behavior has
been experimentally observed, but analytical modeling was
lacking. The RTN distributions clearly show a nonGaussian
distribution, with variation increasing as the device area scales
down, as observed, for example, in [2] and [4]. Furthermore,
it is seen to be a-heavy tailed distribution, as observed, for
example, in [2] and [5].

Equation (8) clearly shows that with area downscaling,
the variance increases faster than the mean value—variance
increases with 1/(WL)3. For ICs, this may lead to increased jit-
ter of signals with device size downscaling. In [13], the authors
observed that by slightly increasing the transistor size, more
than 50% reduction of the ring oscillator frequency uncertainty
can be achieved. The ring oscillator frequency uncertainty was
related to the transistor delay uncertainty due to RTN.

In such situation, even if the mean value of the VT

fluctuation over time may not be considered an issue, its
increasing variability with device downscaling may be a
challenge. Besides becoming a potential reliability issue, such
device-to-device variations may require repeating tests and
characterization procedures over many devices to obtain the
statistical properties, becoming time-consuming and costly.
Hence, proper statistical modeling is highly demanded.

V. CONCLUSION

We extend the knowledge of the time-dependent random
variability induced by RTN, by providing an analytical model
for the threshold voltage variance VTvar produced by RTN.
We addressed not only the mean (expected) value but also its
variability among devices. The area scaling of RTN-induced
VT variance and its variability among devices is detailed and
discussed, supporting designers in transistor sizing toward a
more reliable design. We discuss the behavior in the time
domain (RTN) and frequency (1/f noise) domain, showing
the relationship between models and parameters. Similar to
the case of 1/f noise, with area downscaling the device-
to-device variability of VTvar increases faster than its mean
value. MC simulations are run, illustrating the RTN-induced
VT variability and model applicability. We provide equations
to extract the model parameters noise amplitude contribution
and trap density without the need to measure individual step
heights.
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