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Abstract
(@)

O A set of quantum hydrodynamic equations are derived fromthments of the electrostatic mean-field Wigner kinetic ¢iqna
@ No assumptions are made on the particular local equilibumn the statistical ensemble wave functions. Quantuffnadiion
O\ effects appear explicitly only in the transport equation ferhleat flux triad, which is the third-order moment of the Wigpeeudo-
+= distribution. The general linear dispersion relation isi\a=, from which a quantum modified Bohm-Gross relatioreisovered

O
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in the long wave-length limit. Nonlinear, traveling wavdigmns are numerically found in the one-dimensional cdse results
shed light on the relation between quantum kinetic thetwy,Bohm-de Broglie-Madelung eikonal approach, and quaritwich
transport around given equilibrium distribution functioon
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1. Introduction sis intrinsically nonlineaab initio. Here we assume a fixed ho-

mogeneous ionic background and a mean-field electrositic p
Quantum #ects are relevant for macroscopic charged partential, so as to obtain a generalized linear dispersicatice,
ticle systems when the de Broglie wave-length is comparablgq. [18) below. A quantum modified Bohm-Gross dispersion
to the mean inter-particle distance or to the size of the sysre|ation is recovered in the long wave-length limit. The non
tem, when the thermodynamic temperature is comparableto thinear regimes are numerically analyzed in the one-dinuerasi
Fermi temperature or for strong magnetic fields, when spin efcase, where traveling-wave solutions are accessible.
fects are crucial. In diverse fields such as plasmas [1],s&mi Furthermore, our study is also motivated as a remark on

~ ductors|[2] or dissipative quantum models [3], quantum bydr some recent publications [11], in which the path from kigeti
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dynamic equations are important tools due to the relative si {g flyid quantum models have been reversed. They start from
plicity in comparison to kinetic theories and the direct picgl e guantum fluid equations with a Bohm potential term, as
interpretation of the various quantities involved. Popways  (erived from the Madelung decomposition of the one-paticl
to include quantumfeects in the fluid equations are through \yave function, and then insert this back as the momenturmgehan
the so-called Bohm potential/[4, 5] or by means of a quantuninig the Viasov equation. However, these equations of motio
spin force [6], among other generalized forms [7]. In thgse & contain the distribution function itself through the awgiray
proaches, some working hypothesis on the underlying quantu procedure, and it is doubtful if they can be used as a basis for
statistical ensemble wave functions or the local equililris  Kinetic theory. It can be verified that the resulting dispers

_ made. However, there are still issues regarding the rel#®  re|ation disagrees with the Bohm-Pines dispersion reidfi¢]

tween the above fferent approaches that has not been clarifiegygm guantum kinetic theory, except for zero-temperataug-e

in the literature. libria. Since kinetic theories are more accurate than flbé t
Inthe presentwork, we discuss the moment hierarchy equasries; these Bohmian-force methodologies are therefore co

tions derived from the electrostatic Wigner equation, WH&  troversial. See also Ref| [13] for related criticism. Thé-su

the quantum counterpart of the Vlasov equation. The momentgct pares close connection to the present work on the moment

any further constraints or assumptions, a quantum term-is eXeparate work.

plicitly found only at the transport equation for the thivdder

moment of the Wigner function, with no simplifying assump- ) )
tions except that we close the system disregarding higiiero 2. Governing equations
moments. The use of moment hierarchy quantum fluid equa-
tions is well-known in semiconductor community [9, 10] but,
to the best of our knowledge, was not applied before to the de- Loy K,

scription of electrostatic waves in quantum plasma. Theaea 'hﬁ + ﬁv y+epy =0, (1)
for this is that in semiconductor devices there is the presei

a doping profile (an inhomogeneous ionic background) as well

as an external heterojunction potential, which makes tlag/an

Given the one-particle Schrodinger equation

Preprint submitted to Physics Letters A October 27, 2009


http://arxiv.org/abs/0910.5116v1

with the electrostatic potential, we can define the Wigner

quasi-distribution function according to = 0 5 = 0 5
3 2 2 2 2
f(v,r) = (—) f dsexplimv - s/a] o€ + /2t - 5/2). (2)
. . . v 0 0 v 0 0
Then, from the Schrodinger equation, we obtain the quantum @ /
kinetic equation
-2 -2 -2 -2
af ’ ’ ’
E-H/ Vf+fdv KV =v,r) f(v,r)=0, 3) 5 0 s 5 0 5
X X
for the Wigner function, coupled to Poisson’s equation fa t
mean-field potential, -5 0 5 -5 0 5
v 2 ([ tn-m). @ 2 2 2 2
&0
whereng is a fixed homogeneous ionic background &e’ — Y 0 v o 0
v, r) is defined by
e/ m3 -2 -2 -2 -2
KV =v,r) = —(—) fdsex im(v-V')-s/h
v -v.n=—(5= plim(v v - s/ 5o 5o s
X[p(r +5/2)—¢p(r —s/2)] . (5) X X

For brevity, the time-dependence of the various quantites

; ; ; ; Figure 1: Time-evolution of the free-particle rescaled mﬁg function f =
ggg%?m;l);zz ;/:/;?Qser equatloﬂ](3) holds equa”y well in the( 7/m) f, in terms of non-dimensional variables="x/o,v = mvo /i and

t = nt/(mo?). Initial wave function:y(t = 0) = (v o)™/2 expl- X2/(20'2)]
It is interesting to note that a free wave function, given byupper, left:f = 0; upper, rightt = 2; bottom, left:t = 4; bottom, right:t =

a Gaussian wave packet, experience a dispersive spreading (
expected), while the corresponding Wigner function does no
spread for a fixed value of [14]. This can also be seen di-
rectly from the structure of Eqd.l(1) ard (3). For instance, i
the one-dimensional free-particle case and for a Gaussian i

equation then gives the following macroscopic equations,

tial statey(t = 0) = (yr o) Y2 exp[-x?/(20?)], in terms of Dn _ _nv-u (11)
a varianceo, the Wigner function can be expressed Via= Dt ’
exp|-(X - V1)? - V2. Here the rescaled variablés= (xi/m) f, Du __oPj e, p (12)
— - 1%
X = x/o, V.= mvo/h, andt = it/(mo?) are employed. The gpt mn - m
corresponding contour-plot graphics are shown in Fig. 1. Dt” = — Py gk uj - PV -u- gk Qijk - (13)
. D Q"k 1
2.1. Mome.nt equations . | . D” _ T P(ijalpk)l — Quj aluk) ~QuV-u
To obtain macroscopic equations, let us introduce the mo- t h2
_enn
ments 0%d — 'R, (14)
n= def ’ (6) whered; = 6”61 = d/dr; and the material derivative 3/Dt =
0/0t+u-V. The calculation assumesy.decaying or periodic
n = de fv, (7) " poundary conditions and uses the symmetry propertie;of

Qijk andRjjq under permutation of indices. Finally, in Egs.
(I3)-[13), the round brackets denote symmetrization, estver

Pij=m(defViVj—HUUj), (8)

Qi =m f v (% — U)(v; — U (v — U £ ©)

]kI

f dv (v — W)V} — U)(vk — (Vi — i) £.(10)

from which, in particular, we can derive a scalar presgute

(1/3) P and a heat flux vectar;
following, the summation convention is applied. The Wigner

= (1/2) Qjji. Here and in the

use a minimal sum over permutations of free indicices netled
get symmetric tensors. Thus, for example, with this corieant
Pk(i (3kUj) is defined ast(i 3kUj) = Pyi 3kUj + ij 0 iui + Pij 8iuk.

We here remark that a) there is no assumption on the par-
ticular equilibrium Wigner function. This is a fliérence in
comparison with some previous approaches [4] relying on the
first-order quantum correction to Maxwell-Boltzmann edpuil
ria [15]. Therefore, the model is not semi-classical andas n
restricted to classical statistics; b) the explicit depmrw on
Planck’s constant appear only when the heat flux triad trans-



port equation is considered. In addition, the quantum doutr  as the first-order perturbation of the pressure dyad, asgumi
tion disappears in Eq[(114) when the scalar potential isrgtbse k = ki, without loss of generality. Clearly the wave propaga-
This is similar to Gardner’s approach [4] and in contrasti® t tion itself is a source of anisotropy, even for isotropic iéqu
method of Ref.|[5], where quantunffects modeled by a Bohm ria andor purely classical plasma. The res{ltl(17) also follows
potential appear already at the momentum transport equatiofrom the kinetic theory in the long wave-length limit. Fugth
via the pressure dyalél; and the associated Madelung decom-more, as apparent from Eq.{17), it is legitimate to posgulat
position of the quantum statistical ensemble wave funetion
Here the usual quantum force is replaced by the third-order [Pij] =kg| T (XX +Y®9)+ Tz® 2|, (18)
derivative of the scalar potential term in EQ.J(14).

It is to be expected from the very beginning that Planck’'swhere the perpendicular and parallel temperatilireandT) in
constant would not appear through the moments of the Wignegeneral are dierent.
equation when there is no electric field, because in thisttese We note that the Bohm-Gross dispersion relation is recov-
Wigner equation reduces to the free-particle Vlasov equati ered from Eqs[(I11)E=(13) in the adiabatic and classic case. |
(see the discussion above and Fig. 1) and the initial cantiti deed, settin@j = 0 and linearizing, the result is? = w? +
on the Wigner function determines the quantum aspects of it8 (kg To;/m) k%, where only the compone,, = no«g Tg; Of
evolution. To conclude, in the present context there are twéhe equilibrium pressure dyad contributes. On the othedhan
sources of quantum terms, one via the explicit dependence d@fsisting on an isotropic pressure dy&] = pd;; and tak-
the Wigner equation ifi and the other via the definition of the ing Qijx = 0, and combining the continuity equation with Eq.
Wigner function associated with the proper quantum stegist (I3) we getp = noxgTo (n/ng)?, wherey = 5/3, implying

ensemble. the dispersion relation® = w3 + y (kaTo/m) k% To prop-
erly recover the Bohm-Gross dispersion relation in an atiap
2.2. Closure and dispersion relation scalar pressure fluid theory retaining only up to the first or-

In this work we choose the Simp|est way to achieve C|o-der moment, there is the need of a phenomenological adiabati
sure of the systeni{11J={(14), neglecting the contributtomf  exponenty = 3, reflecting the fact that plane wave propaga-
the fourth-order momerRjq. We take into account Poisson’s tion is essentially a one-dimensional phenomena [16]. rAlte
equation and linearize around the homogeneous equilibriem native moment hierarchy formulations [10], closed at the-te

no, U =0, perature (basically the trace of the second-order momehiof
Wigner function) evolution equation, can be shown to reisult
[Pij] = noxg|To. (k@ X+ Y ®Y) + ToiZ® 2|, (15)  ? = w3+(5/3) (keTo/m) k2+72 k*/(121P), which goes neither

to the Bohm-Gross nor Bohm-Pines dispersion relationsén th
Qi = 0, andg = 0, where the equilibrium temperatures per- c|assical or zero-temperature limits, respectively. Intcast, as
pendicular and parallel to the wave propagafignandTg can  shown here, the quantum modified Bohm-Gross dispersion re-
be unequal. Herecg is Boltzmann's constant and plane wave |ation is a natural consequence from third-order momentrihe
perturbations proportional to exkg — iwt) are assumed, with- jn the long wave-length limit of Eq[{16).
out loss of generality. It follows that

2.3. Dynamics

, o 12kg Ty k2 n2K* Y2 _
w'=— 11+ (1 t o2 " m2w2) } . (16) As an example of the dynamics of the third order hierarchy
P P model, we look at the strictly one-dimensional case, suah th
wherew, = (€?no/mey)*/? is the plasma frequency and the (9i = dix dx, Ui = Udix, Pij = Poixdjx, Qijk = Qixd xkx),
equilibrium temperatur@y, perpendicular to the wave prop- .
agation does not contribute. In the particular case of small N+ndxu=0, (19)
wave-vector and quantunffects, Eq.[(16) reduces to the usual U= _0xp + €0x¢ , (20)

quantum Langmuir dispersion relatiaR = wj+3«g To k?/m+ _ mn-m

#?K*/4m?. However, even in the formal classical limi (= 0), P=-3pdu- 6X?’ . (21)
Eq. (I8) yields the Bohm-Gross dispersion relation only for O = 3poxp  en“naye _ 408, (22)
long wave-lengths. Finally, despite the appearance, tivelie mn 4? <

persion relation is not restricted to Maxwell-Boltzmanm#i)-  gng
ria. For instance, in the case of a zero-temperature, degiene e
electron gas, the only basic change would be the substitafio 3¢ =—(n-ng), (23)
the parametefq, by the Fermi temperature. co

Contrarily to the habitual usage, a scalar pressure Byad ~ where the dot represents the convective derivative aneé-disr
pdij is not a valid assumption even in our electrostatic case. Ingarding the fourth-order moment. The dispersion relation i
deed, linearization of Eqd(112)={14) with; = Pqgj + esP;j,  Eq. (18) follows from Eqs[{19=23).
¢ = €dp, € < 1, gives Assuming traveling solutions with all quantities depengdin
only on the variablé = x—vt, wherevis a fixed parameter, the
exp k2 No 712 K2 6i; Ojz

oPj = “moZ Paij + Pogz0iz) + am a7



following nonlinear system of ordinaryfiiérential equations is

obtained,

;P e

U-Vyu = e (24)

(u-v)pr = -3pu-Q, (25)
., 3pp er’ng”

(u-vQ = mn—w—wu, (26)
¢ = =(n-noy), (27)

£

where the prime denotes derivative with respec.td-inally,
the continuity equation can be integratechilp = n(u—v) =
cte, in terms of a reference velocity which we assume to be
nonzero to exclude trivial cases.

Eliminating n through the continuity equation, it can be
shown that the system of Eq$. {24)4(27) admit linearly stabl
oscillations around the equilibrium = up + v,p = po,Q =
0,¢ = ¢ = 0, provided the inequalitf wp/(m Lf)) < 2 is sat-
isfied. Figures 2 and 3 show typical oscillations in this case

0 10 20 30
1 1
n
No
0.5 0.5
0 10 20 30 0
& wp
Uo
0 10 20 30
1.5 1.5
u-v
Uo
0.5 0.5
0 10 20 300
£ wp

Uo

Figure 2: Particle density and velocity field oscillationsm the system of Egs.
ZAHZ1), wherg = x — vt, Up # 0 and fork wp/(M B) = 1. Initial conditions
such than(0) = (2/3) np, u(0) — v = (3/2) up, p(0) = My ug, Q(0) = 0,¢(0) =
0,¢'(0) = 0.

3. Conclusions

To conclude, a higher order moment quantum hydrodynam
model for quantum plasmas was derived, starting from the ele
trostatic Wigner equation. Quantunffects appear explicitly
going up to the third-order moments hierarchy, without teedh
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Figure 3: Pressure, heat flux and electric field oscillatimosn the system
of Egs. [23E27), wheré = x - vt, up # 0, and forzi wp/(m ug) = 1. Initial
conditions such that(0) = (2/3) np, u(0)—v = (3/2) up, p(0) = mmny u(z,, Q(0) =
0,4(0) = 0,¢’(0) = O.

of a Madelung decomposition of the underlying quantumstati
tical ensemble wave functions or assumptions on the loaat eq
librium configuration. A generalized dispersion relationlfn-

ear waves is derived, from which the quantum modified Bohm-
Gross dispersion relation is recovered in the long wavetlen
limit. For closure, fourth-order moments were discardedré/
sophisticated closure schemed [17] designed to reproduce s
of the results from kinetic theory, as well as the inclusidn o
spin dfects, are postponed to future considerations.
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